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Abstract
New solutions are derived in the 2+ 1 gravity which is coupled to |F|k type non-linear electric field in Maxwell
Power theory with dilaton field. We obtain consistent solutions in general k case. We also investigate the
behavior of the metric function with the space-time singularity. Then, we found some black hole solutions
when the space-time has a singular point at r = 0.
1 Introduction
Recently, one of the most standard theory of grav-
itation is the Einstein’s general theory of relativity
(GR). However, GR is the classical theory, so we
have to quantize the theory. To construct the quan-
tum GR, many modified theories of gravitation had
suggested. As there is a Schwarzschild black hole
(BH) solution in the GR, modified gravity also have
characteristic solutions with theory to theory. That
is why to find a new solution in the theory of gravi-
tation is important.
The 2 + 1 gravity has been suggested by Deser
and Jackiw [1]. This theory has the characteristic
structure as follows. At first, lower dimensional the-
ory of gravitation has fewer unknown functions than
higher dimensional theory. That is why to derive
new exact solutions in 2 + 1 space-time is more eas-
ier than higher dimensional one. Next, Weyl tensor
always vanishes in the gravity theory which has only
3 or fewer dimensional space-time. In addition, the
lack of degrees of freedom tends to gravitational wave
does not propagate. Carlip reviewed such as inter-
esting properties of the 2 + 1 gravity [2].
This theory came to attract attention after the
discovery of BTZ solution [3]. A solution represents
the black hole which is in the AdS space-time. Note
that BTZ black hole is not asymptotically flat like
Schwarzschild black hole. After their research, a lot
of solutions were derived with many types of matter
fields in the 2 + 1 space-time.
In the present article, let us treat non linear elec-
tric field (NLEF) and dilaton field as matters. To
the past research, Cataldo find exact solutions with
Born-Infeld [4] type and |F3/4| type NLEF [5] , [6].
Note that F is the Maxwell invariant which is de-
fined as F = FµνFµν where Fµν = ∂µAν − ∂νAµ
is the electric tensor in which Aµ is vector poten-
tial. Gurtug found an exact solution with |Fk| (k is
a real number) type NLEF which is called Maxwell
Power (MP) theory [7]. They are circular symmetric
static solution with electric field. Moreover, solu-
tions in the general dimension are derived by some
authors [8], [9], [10]. Then, Hendi found that MP
type NLEF is related to the spherically symmetric
solution of the F (R) = Rk type modified gravity [11].
Recently, new solutions were derived with scalar hair
in the AdS space-time [12].
To treat the dilaton field is meaning full because it
is related to the open and the closed bosonic string
theory (on our paper, we however neglect the Kolb-
Ramond antisymmetric tensor field). Dilaton field is
also important for the theory of gravitation because
it has correspondence to the modified gravity. Since
to obtain solutions of the theory is important, re-
searchers find solutions in the theory of gravitation
with dilaton field as follows. Gibbons and Maeda
found a electrically charged black hole solution in
3 + 1 space-time [13]. In the 2 + 1 gravity, Sa´ and
Lemos found the black hole solution without electric
field [14]. Then, Chan and Mann discovered some
solutions with linear electric field [15]. After their
research, Yamazaki and Ida introduced Born-Infeld
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type NLEF and found a new solution [16]. However,
MP type NLEF with dilaton field had not consid-
ered. That is why we try to find new solutions of
the 2+1 gravity which is coupled to MP type NLEF
with dilaton field.
In this article, we take natural unit which is c =
8πG = 1, where c is speed of light, G is Newton
constant in the 2 + 1 space-time. Additionally, we
set the metric signature as (−++).
2 Circular symmetric static so-
lutions of the 2 + 1 gravity
which is coupled to Fk type
NLEF with dilaton field
2.1 Action and basic field equations
The action of the 2 + 1 gravity which is coupled to
Fk type NLEF with dilaton field is
I =
1
2
∫
d3x
√−g
×
{
R− α (∂φ)2 − e−φ |F|k − 2eβφΛ
}
.
(1)
Where g is determinant of the metric gµν , R is Ricci
scalar, φ is the dilaton field, α and β are constants.
We get Einstein equation when we take the variation
of gµν ,
Gµν + Λe
βφδµν = T
µ
ν , (2)
where T µν is energy-momentum tensor
T µν =α∂
µφ∂νφ− α
2
(∂φ)2 δµν
− |F|k e
−φ
2
(
δµν −
4kFµνFµν
F
)
.
(3)
On the other hand, let us take the variation of (1)
respect to φ, we get the following dilaton equation
α∇µ (∂µφ) + e
−φ
2
|F|k − βeβφΛ = 0 , (4)
In addition, electric field equation is derived from the
variation of (1) which is respect to Aµ
∂µ
(√−ge−φFµν |F|k−1) = 0 . (5)
2.2 Static circular symmetric solu-
tions
Now, let us solve above equations under the circular
symmetric static ansatz. We set metric ansatz as
ds2 = −f(r)2dt2 + e
2δ(r)dr2
f(r)2
+ r2dθ2 , (6)
where f(r) , δ(r) are unknown functions which is
depended only radial coordinate r. Following dis-
cussion, we assume dilaton field is depended only r.
Beside, electric field ansatz is
F = eφ(r)+δ(r)E(r)dt ∧ dr , (7)
where E(r) and φ(r) are unkown functions which is
depended only r.
Then, Einstein equations will be
e−2δ(r)
(
f2δr − ffr
)
r
=
α
2
e−2δf2
(
dφ
dr
)2
+
1− 2k
2
e−φ |F|k + eβφΛ ,
(8)
e−2δ(r)ffr
r
=
α
2
e−2δf2
(
dφ
dr
)2
− 1− 2k
2
e−φ |F|k − eβφΛ ,
(9)
e−2δ(r)
(
ffrδr − ffrr − (fr)2
)
=
α
2
e−2δf2
(
dφ
dr
)2
− 1
2
e−φ |F|k + eβφΛ .
(10)
When we subtract (9) from (8), we get
1
r
dδ
dr
= α
(
dφ
dr
)2
. (11)
In this paper, we assume function δ(r) as
δ(r) = n ln
(
r
r∗
)
, (12)
which is embraced in article [16]. Here n and r∗
are constants. Thus, we can determinant the dilaton
field φ as
φ(r) = ±
√
n
α
ln
(
r
r0
)
, (13)
where r0 is some constant.
Next, let us discuss the electric field equation. We
can treat equation (5) analytically, then
E2k−1(r) =
q
r
(r0
r
)±2√n/α(k−1)
, (14)
where q is an integration constant which is related
to the charge of the space-time. The k = 1 case,
when the electric field E(r) proportional to ln(r),
was already discussed by Chan [15].
To determine the relation of constants, we calcu-
late Einstein equations and dilaton field. At first,
take the summation (8) and (9), then
e−2δ(f2δr − 2ffr)
r
= (1− 2k)e−φ |F|k + 2eβφΛ .
(15)
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On the other hand, from the dilaton field equation,
we get
αe−2δ
{
f2
r
− f2δr + 2ffr
}(
dφ
dr
)
+ αe−2δf2
d2φ
dr2
+
e−φ
2
|F|k − βeβφΛ = 0 .
(16)
Thus we get the following relation when we use equa-
tion (12), (13) and (15), (16){
±√nα(1− 2k)− 1
2
}
e−φ|F|k
+
(±2√nα+ β) eβφΛ = 0 .
(17)
This equation implies that there are two types of the
solution in our discussion. We call the “first class”
solution which means the coefficients e−φ|F|k and
eβφ vanishes at non zero Λ;
− β = ±2√nα , (18)
β (1− 2k) + 1 = 0 . (19)
This class of the solutions are not consistent to k =
1/2 type MP theory because they are not consistent
to the coefficient of e−φ|F|k equal to zero.
Other types of the solution which we call “second
class” solutions mean
e−φ|F|k = − ±2
√
nα+ β
±√nα(1− 2k)− 1/2Λe
βφ . (20)
This means that coefficients do not vanish. It also
means we could get the consistent solution at k =
1/2 case. Hereafter, we will get the solutions in the
explicit form.
2.2.1 The first class solutions
We now consider the first class solutions. In this
case, we get the following differential equation
2f
r
df
dr
− nf
2
r2
= (2k − 1)
(
r
r∗
)2n(
r
r0
)8nk2(1−k)/(2k−1)
×
(q
r
)2k/(2k−1)
− 2
(
r0
r∗
)2n
Λ .
(21)
This equation can solve analytically, then
f(r) = −
(
r0
r∗
)2n
2Λr2
2− n −mr
n
+
(
r0
r∗
)2n
r2(2k − 1)2
2(k − 1)(1− 4nk2)− n(2k − 1)
×
(
r
r0
)8nk2(1−k)/(2k−1) (q
r
)2k/(2k−1)
,
(22)
where m is an constant. Again, this solution is not
consistent to the k = 1/2 MP theory because of the
constrain (19).
2.2.2 The second class solutions
In the second class solution, the electric part e−φ|F|k
and cosmological part eβφ have the same r depen-
dence. This condition restricts constants as
±
√
n
α
=
2k
1 + β(1 − 2k) . (23)
Then, equation (20) becomes
E2k = − 4kα+ β(1 + β(1− 2k))
4kα(1− 2k)− β(1− 2k)− 12Λ
× e(β−(2k−1))φ .
(24)
After some calculation, we get the following differen-
tial equation
2f
r
df
dr
− nf
2
r2
= 2
β2(1− 2k)2 + 8kα(1− 2k)− 1
4kα(1− 2k)− β(1 − 2k)− 1 Λe
βφ+2δ .
(25)
This equation can solve analytically as
f2 = −mrα − Λr2β
2(1− 2k)2 + 8kα(1− 2k)− 1
4kα(1− 2k)− β(1− 2k)− 1
× (1 + β(1− 2k))
2
2k2α+ (1 + β(1 − 2k))(1 + β(1− k))
×
(
r
r0
)2kβ/(1+β(2k−1)) (
r
r∗
)8k2α/(1+β(1−2k))2
,
(26)
where m is an constant.
The solution which belongs to second class is con-
sistent to the k = 1/2 MP theory. In the k = 1/2
theory, solutions of the field equations are
r0 = q , ±
√
n
α
= 1 , (27)
φ(r) = ln
(
r
q
)
, (28)
δ(r) = α ln
(
r
r∗
)
, (29)
E(r) = 2(2α+ β)
(
r
q
)β
Λ , (30)
f2(r) =
−2Λr2
2 + α+ β
(
r
r∗
)2α(
r
q
)β
−mrα . (31)
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These solutions are consistent to the solutions of the
field equations from the action
I =
1
2
∫
d3x
√−g
×
{
R − α (∂φ)2 − e−φ
√
|F| − 2eβφΛ
}
,
(32)
under the circular symmetric ansatz (6) and (7). It is
characteristic structure of the second class solutions.
In the past work, special electric field ansatz that
treated by Mazharimousavi [17] is also consistent to
the k = 1/2 type MP theory. However, k = 1/2 type
MP theory has no consistent solution without dilaton
field or first class solutions with circular symmetric
ansatz which adopted in our paper.
3 Fundamental structure of the
space-time
In this chapter, let us consider the fundamental ge-
ometric quantity such as scalar invariant. Addition,
we investigate the behavior of the metric function
f(r).
As was mentioned above, hereafter we will inves-
tigate negative cosmological constant case, then
ℓ =
1√−Λ , (33)
where ℓ is cosmological radius. Why we consider neg-
ative Λ case? At first, asymptotic behavior of the
fundamental black hole solution in the 2 + 1 gravity
that called BTZ black hole is AdS space-time. More-
over, because of the AdS/CFT correspondence [18],
it is believed that AdS space-time itself interesting.
So, we hope that it is meaning full to include the
negative cosmological constant.
3.1 first class solutions
The solution (22)is constructed by power term of r.
Then, we can rewrite (22) as
f(r)2 = Ar2 −mrn −B
(
1
r
)c
, (34)
where
A =
(
r0
r∗
)2n
1
(2 − n)ℓ2 ,
B =
(2k − 1)2
2(k − 1)(1 − 4nk2)− n(2k − 1)q
2k/(2k−1)
× r8nk2(k−1)/(2k−1)0 ,
c =
2k
2k − 1
(
1− 4nk2(1− k)) .
(35)
Then, Fundamental geometric quantity such as Ricci
scalar of the solution (22) reads to
R = −6Ar
2 + (c2 − 5c+ 6)Br2−c −mn(n+ 1)rn
r2
.
(36)
The singular behavior of the Ricci scalar is depended
on n and k (equal to α and β) becomes as follows.
i) a singular point at origin. ii) a singular point at
infinity. iii) two singular points at origin and infinity.
Higher order curvature invariant such asRµνRµν and
RµνσλRµνσλ also has same structure. Thus, our new
solution (22) has physical singular point at r = 0
or r = ∞ that depends on n and k. In addition, it
is possible to create a black hole solution with some
fine parameter sets. To get a black hole solution, we
will choice i) type physical singular behavior. Then,
parameters must satisfy n − 2 ≤ 0 , C ≤ 0. They
are equal to
n ≤ 2 , n ≤ 1
4k2(1− k) . (37)
1 2 3 4 5
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Figure 1: The behavior of the metric function when
singular point lies at r = 0. The horizontal line rep-
resents radial position r, and vertical line represents
the metric function f(r). The parameter sets are
ℓ = r0 = r∗ = 1 and n = 1 with k = 3/4. Top line,
middle line and bottom line means m = 0.1, 0.85, 2
respectively.
The behavior of the metric function in this case is
shown in Figure 1 and Figure 2. We cannot derive
the horizon radius with analytical method in gener-
ally, however, there are horizons at f(rH) = 0 where
rH is its radius at some parameter sets. From Fig-
ure 1, we notice that there are two horizons and the
space-time is similar to the R-N black hole. Thus,
the parameter sets in Figure 1 could generate R-N
like black holes. On the other hand, some parame-
ter sets construct the metric function like Figure 2.
Then, the space-time is similar to the Schwarzschild-
AdS black hole. That is why we conclude that our
4
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Figure 2: The behavior of the metric function when
singular point lies at r = 0. The parameter sets are
ℓ = r0 = r∗ = 1 and n = 0.1 with k = 3/4. Left
line, middle line and right line means m = 0.1, 2, 3
respectively.
new solutions can generate some different types of
black hole.
3.2 second class solutions
Here, we consider about second class solutions as
first class solutions. Second class solutions (26) can
rewrite as
f(r)2 = −mrn + Cr2
(
1
r
)d
(38)
where
C =
1
ℓ2
β2(1− 2k)2 + 8kα(1− 2k)− 1
4kα(1− 2k)− β(1− 2k)− 1
× (1 + β(1 − 2k))
2
2k2α+ (1 + β(1− 2k))(1 + β(1 − k))
×
(
1
r0
)2βk/(1+β(2k−1))(
1
r∗
)8αk2/(1+β(1−2k))2
,
(39)
d = − 2βk
1 + β(1− 2k) −
8αk2
1 + β(1 − 2k))2 . (40)
Then, Ricci scalar reads to
R = − (d
2 − 5d+ 6)Cr2r−d −mn(n+ 1)rn
r2
. (41)
The feature of the Ricci scalar is as follows. i) To
diverge at r = 0, power terms of r must proportional
to 1/r. This reads to 0 ≤ d and n− 2 ≤ 0. This case
our new solution has one physical singular point at
origin. ii) To diverge at r = ∞, power terms of
r has to be proportional to r. This reads d ≤ 0
and 0 ≤ n − 2. This case our new solution has one
physical singular point at infinity. iii) Both d = 0 and
n = 2, there is no singular point. iv) In other case,
Ricci scalar will diverge at r = 0 and r = ∞. Then,
solution has two physical singular point at origin and
infinity. Higher order curvature invariant such as
RµνRµν and R
µνσλRµνσλ also has same structure.
Thus, our new solution (26) has physical singular
point at r = 0 or r = ∞ that depends on theory to
theory.
1 2 3 4 5
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Figure 3: The behavior of the metric function when
singular point lies at r = 0. The parameter sets
are ℓ = r0 = r∗ = 1 and α = 1/4 , β = 1 with
k = 2. Left line, middle line and right line means
m = 4, 1, 0.5 respectively.
An example of the behavior of the metric function
is shown in Figure 3. We notice that there is one
horizon in the figure. In the second class solutions,
we can derive the horizon radius as
rH =
(m
C
)1/(2−d−n)
. (42)
From the figure 3, we find that the space-time is
similar to the black hole in the de-Sitter space-time.
That is why we conclude that second class solutions
can also generate the black hole.
4 Conclusion and Remarks
We derive new solutions of the 2+ 1 space-time that
coupled to MP type NLEF with dilaton field. We
could derive new circular symmetric static solutions
in general k case. There are two types solutions that
we called “first class” and “second class”. Especially,
solutions that belong to second class, we could get
consistent solution at k = 1/2 theory that has no
consistent circular symmetric electric solution with-
out dilaton field. From the singular analyze and be-
havior of the metric function, we notice that some
parameter sets will generate black holes.
The future work that we have to do as follows. At
first, we have to investigate more detail structure of
the solution. One of them is thermodynamics of the
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solution. In the BTZ black hole, thermodynamical
consideration has been performed and the behavior
of thermodynamic quantities are investigated. The
space-time which we derived in our article should
be studied along with the similar thermodynamical
context. Consider the physical structure such as me-
chanics of our new solutions seems to interesting.
Physical phenomena such as lensing effect is also in-
teresting. Above analyze will derive physical view-
points of our new solutions.
In addition, to derive more new solutions is impor-
tant. We treat electric solutions in our article. Then,
we did not derive magnetic solutions. So considering
the magnetic type solution is meaningful. Second,
to consider the rotating effect seems important. It is
known that spinning case has more interesting prop-
erty. That is why we have to treat point symmetric
type ansatz in the future work. It seems meaning-
ful to do the same works in higher dimensional case.
We have to find solutions of higher dimensional Ein-
stein gravity witch is coupled to non linear electro-
magnetic field with dilaton field.
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